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ON POSITIONAL CONTROL UNDER AFTgREFFECT
IN THE CONTROLLING FORCES

Iu.S. OSIPOV and V.G. PIMENQV

Positional control problems are studied for systems with aftereffect in the controls.
The existence of an equilibrium situation is proved in an encounter-evasion problem
and a method is indicated for constructing the desired controls. The article abuts
the investigations in /1—5/ and is a continuation of /6/.

1. The controlled system
) =fHte@®,u)hut—1))+L{E 0, vE) (1.1)
re R, us PC R, ve QC R,
te=1t,, 8], v = const > 0

is specified. Here z is the phase vector, u and v are controls, P and @ are compacta (R"is

an % ~dimensional Euclidean space), the functions f, (f,z,u,w) and f,{¢, z,v) are defined, are

continuous in all arguments, and satisfy a local Lipschitz condition in z on [, ¥ X R® X
and [t;, 81 X R® X Q, respectively, and in their domains

TAG 2w wy+f (6 z, )| <ot H] ) x - const

Let U, be some set of functions on the interval {—=1, 0] and M, (C R". Two problems are ex-
amined. The first consists in the construction of a control % by the feedback principle
ultl=u @ zlth ult +sl, —v s<0), taking the vector = onto M, at some instant #4<® for any
admissible realization of control v, and in such a way that the condition ult, +slelU, is
fulfilled (this is an encounter problem /6/). The second problem is to construct a control

v by the feedback principle p{i] =~ v (;zlthult +sl, —v<s<C0), guaranteeing that the phase
vector of system (1.1) evades contact with M for any admissible realization of control u (an
evasion problem). Certain variants of these problems were studied in /6/ from the viewpoint
of differential game theory developed in /1—3/. In the present paper, in constrast to /6/,
we examine the general situation, cobtain the necessary and sufficient conditions for the solv-
ability of the problems posed, and indicate a method for constructing the optimal controls,

Let us pose the problems more precisely. Let P (6) be a collection of all measurable

functions ¥ (-) on set o with values in P, @ (o) be a collection of all measurable functions
v(-) on set o with values in . Every triple p = {t; ; u (s), — 1 < s < 0}, where 1 Elt, §], z =
R u(-)eP ([—, 0)),- is called a position. A rule that associates a function wu(t) from

P (lfy, t*) (v (?) from Q@ (Iz4, t*)) with a position Py == {fys Ty, Uy ()} and a number * < (t,, 8], 1is
called a strategy U (V). Let there be specified a position pg =={ls %, u, (s)} and a partit-
ioning A of interval {i,8] by the points 7T, =1 <73 <<...<UTny) =%, §(A) = max; (14y —T3).
We define an approximate motion of system (1.1), corresponding to strategy U/, as the pair
{z 1.1, ul-13}, where the absolutely continuous function z[-la =zlthh =zlt, p,, Uly, t,<<t <P
and the control ul-lae P ({t, —x, §]) satisfy the conditions

z2ltgls =z, ulty +sla =, (s}, —T<s<C 0 (1.2)
in addition, the eguality

s =4t zlth, ultly, wlt —tl) +6E = s o] (1.3

is fulfilled for almost all t& I8, 8 and for te iy, v, ultly is a function from P{lt;, Tiy))s
designated as the strategy U with respect to position {&;, [T, Uy, [sla} and to number .
Here and subsequently, u,(s) =u(t +s), —1<Cs<0. In (1.3) vitle Q(It,, 8]) is some realiza-
tion of control v, We define an approximate motion of system (l,1), corresponding to strat-
egy V, as the pair {z[.],, ul.]}, where the absolutely continuous function z{:-l, =z lthy =z [t
Dos Vlay to <t 9, satisfies condition (1.2) and for almost all (&[4, ] satisfies the
equations
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2t =f (¢t 2ltla, wltl, ult —al) - f, ¢, z[t]y, vitly)

where for t& It T,,), v tly is a function from @ ([1y Ti,)), designated as the strategy V with
respect to position {1, zlIrls, ug s]} and to number ¢, . The function ul-l=ulile P (it, —
T, #]) is some realization of control u, satisfying the condition u [ty + sl = up (), —1 <Cs < 0.

Let {4] be the closure of 4 — R" and A® be an open € -neighborhood of 4. Let some
set M be prescribed in the position space. By M; we denote the section of M by ¢ (i.e.,
the set of pairs {z, u(s)} such that {t, z, u (9} = M; by M, 4, we denote the sections by ¢
and u(s). By [M] and M® we denote collections of positions {t, 2, u (s)} such that =z & [M )
and ZEM,L ws) respectively,

Problem 1 (encounter). System (1.1), position P, and set M are prescribed. Con-
struct a strategy U’ with the property: for any & >0 we can find 8, >0 such  that the
condition

z ME
Inh& n sl

is fulfilled at some instant 1 & [t, 8] for every motion {z[tly, v’ [-}} = {zlt, po, ULy, u° [-1s)
with & (A) <8, .

Problem 2 (evasion). System (1.1), position p, and set M are prescribed. Construct
a strategy V° with the property: numbers e >0 and §, >0 exists such that the condition

rnjacE 1”51. uylsl

is fulfilled for every motion {z [.l, u [-1} = {z 2, po, VI, u [-1} with &(A) < §;, for any in-
stant & [¢,, Bl

2. Let us indicate the conditions for the solvability of the problems posed, Let some
set W be specified in the position space. We say that set W is (y, u)-stable relative to
M if for any Py ={ls Ty u ()} S W, * = (1, o, v() = Q (lty, t*)) and y > 0 we can find
a function u(-})& P (l4,, 1*)) such that

& (t*7 Dy ”’(")' U('))EW;};_ wgn(s) (2.1)

or if an instant 1 & lt, 1*] exists such that

01 P w (), 2 () E Mg (2.2)
y (g)_{ u(n 8. SE M, —1.0)
e u*(']% s —1y), SE[— T, —n)

Here z(f, py, u (), v(-)) is a solution of (1.1) from position Px with the functions & (:) and
v(.) selected (i.e., ¥ (s Pss W (:), V() =2z, and u(ty +s) = Uy (), —1{s<<0). We say that
set W is (y,V)-stable if for any p, & W, 1* = (t,, 8], u (-)= P ({t,, t*)) and number 9y >0 we
can find a function v (-)& Q ([1,, t*)) such that condition (2.1) is fulfilled.
Let W be a set (y, u)-stable relative to M , whose sections W, s are closed in R*,
i.e., W - [W]. A strategy U’ associating with positicn Dy = {lys Ty Uy (8)} and number
I* &= (t, 8] a function u’® (1) = P (It,, 1*)) Dby the rule:
lo. Let Wi .9 Then y° (f) is any function from P (Ity, 1*));

7
.
2°, Let Wi, uay # ¢ and y be a vector from W, ..y, closest to z, in the metric of R",
is called a strategy extremal to this set W. We choose the vector p* <= Q from the con-
dition
(y —.7,‘*) fz (t:p Txes U*) = ml:} {(y _'t*) f2 (t*v Ly U)} (2.3)
T=

Then we find a function u°(f) = P (It,, t*)) from the condition of (y, u)-stability of set W with
respect to the quantities p,, == {t,, ¥, Uy (5)} = W, 1*, function u* (f) = v¥, ty <{ t << t* and numb-
er voo (1% —t)2

Let W = [W]. A strategy V' associating with position p, = {t;, 4, uy (s)} and number
t* = (¢ .0 a function v° (1) & Q (lt,, t*)) by the rule:

17, rLet Wi .,y =(. Then °() is any function from @ (lt,, t*));

20. Let W, s i and vector ¥y Wi u(y Dbe closest to z, in R} is called a strateg
% Us(s) * Yy
extremal to W, Let vector °= @ satisfy the condition

(y *I*) fa (l*v T v°) - Igan {(y ”I*)]‘z (t*v Lyes l’)}
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Then V" () =", tE e, t*).
On the space of positions py = {ty, Z4, Uy ()} we introduce the function

{ inf {” Tx Y ”}v ”"l*, 1g(8) #* C\’
TP W)= yEW,, v (2.4)
1- e, Wiy = ¢

Lemma 2.1, Let set W be (y, u)-stable relative to M and W =I[WLl Then, if p,& W,

the strategy U° is extremal to W and ensures the condition: for any ¢ > 0 we can find §, >0

such that for every motion {z{-l,, u”[-1a} = {z[t, po, U°ly, u®[.1,} with &8(A)< §, the con-
dition

r [Ti] =r (piv W) =T ({Tiv z [Ti]Ay u‘u[i [S]A}, W) < e (2.5)

is fulfilled for all Ti<(T,, where either 7T, is the instant t; at which the function u° [t} &
P (It;, 7;41)) is first designated as the strategy U° from the condition (2.2) or 1, =% if
such an instant does not exist.
Let us sketch the lemma's proof. Let X (#,s,) be the set of solutions of system (1l.1l),
corresponding to all possible functions u ()& P (lto— 1, 8]), v(.) = Q(t,, 8}) with initial conditions
T (to) = 7. Let number A —A;(f.7,) be such that |z(@)|s M. te(te,®], r()e= X (t, ), and i, >0 be
some number. We denote
X (to, o, ho) = U X (2, 74)
Lo & [to, 8], [ 2a | < Mg (f0, %0) - Ag

Then all the functions =z (.)€ X (t, 1y, &) are uniformly bounded by some constant A == A (¢, 74, Ay).
Let us show that if the condition

rinl<ho=e (2.6)
is fulfilled for the motion {z[.,,#°[.]4} and the instant t; <7 , then the estimate
Tt <P luld + C (g, — ) + (1, — @) @1, — ) € = const (2.7

is valid. Here ¢(§) is a continuous function, ¢(@)—-0 as §-»0, and the estimate (2.7) is
uniform with respect to all motions {z[:l,,w [:]3}={zlt, po, U°)4,u°[.],} and instants 7 with prop-
erty (2.6), i.e., € and ¢(6) depend only on t,z, and Ay Indeed, by the choise of func-
tion «°{.J= P ([1, T,-ﬂ))

Pt < (1= [Tyl — 2 (G |+ )°
where :(f) is a solution of system (1.1) from the initial position pg= {T, ¥, u,f s} = W with
v =t te lu, Tyy,y) (W satisfies (2,3)), VS Wti,ut‘_“ :la 1s closest to =zluly) and ulil=w [d,.

Since y< (1, — w? by virtue of (2.6) we obtain

rt [Tiﬂ] <= [Ti+1]A it (Ti+1) 12+ 2a ("iﬂ — 1)+ (Ti“ — )t

Hence, because of the assumptions on the right-hand side of (1.1), we obtain

Tiv)
v d<llzlvly —v -+ S Fu(t, x[e]y w0 [£]y u® [t —7)y) At -
Tit1 i Tit
S fa(t,x[]s, v [E]) dE — S. fu(e, 2 (), u ey, u° [t —1],) dt —
A4

T

Ti+l

§ @ onae @t @, — 1 (g, —
b

Tisl
Rlal2 § - ind) (e iy e —
A
Lt 2 (v la, v ) dt + Cr2 ] + (v, - T) @ (T, — 7))

By the choice of vector v* we obtain estimate (2.7).
Now assume that the lemma is false. This signifies that we can find >0 such that for
any §,>0 , in particular, for &, such that the estimate

(148 —t) exple(d — to)]l ¢ (§) < e? (2.8)
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is fulfilled for &8<(§,, we can find a motion {z -y & [y = {xlt po, UPly, 1) with  5{A) < &
and an instant T <1, such that (2.5) is not fulfilled. Let 7, be the smallest partition-
ing instant w at which condition (2.5) is not fulfilled, Then (2.6) is fulfilled for in-
stants w such that < 7 <{7, <1, which implies estimate (2.7}, If the uniform estimate (2.7)
is fulfilled for all Te<I T 7 1, then the estimate

Tt
w2l < 2 el - (0 T ) ¢ (8) exp [ (v — 8)]

is fulfilled for all instants T such that %< n 7T, which can be verified by contradiction.
Hence by virtue of condition r[g}=0 and of (2.8) follows r{y)- ¢ which contradicts the de-
finition of T, ’

Theorem 2.1. Let set W be (y, u)-stable relative to M, W - [W]land Wy = [My].  Then,
if pe e W, then the strategy U° extremal to W solves the problem of encounter with Jy,

Theorem 2.2, Let set W be (y,v)-stable, W =[Wl, and let &> 0 exist such that
MY (YW = ;. Then, if p,e= W, then the strategy V° extremal to W solves the problem of
evading M.

Theorem 2,3, For any position 7, and set M, either the problem of evading M is
solvable or the problem of encounter with ¢ is solvable for any ¢ > 0.

The proofs of Theorems 2,1-—2.,3 rely on Lemma 2.1 and are analogous to the corresponding
arguments in /1,3/.

Note. The following result is valid for systems without time lag in the control: if the
problem of encounter with the target set is solvable for an initial position then in the posi-
tion space there exists a stable set containing the initial position and terminating on the
target set; therefore, the strategy resolving the encounter problem can be constructed as one
extremal to the stable set /1,3/. In systems with aftereffect in the control this statement
is, in general, false,as the following example shows. Consider the two-dimensional (z - (7, 1))
system
L)), t=—- L)

Tz (), t= {0, 1]
' ouw(l - 1)
o= 1, % = v A u] =4, 01

T3

Let the target set M consist of positions p= {f x, a5 u ()}, Where t= ¢ -, o= 1,5 =0u(s) is
any function from P ([—71,0)). By W we denote the set of positions from which the problem of
encounter with M is solvable, The set W- % & Dbecause the encounter problem is solvable
from the position p, = {6, 2°, 2% 1y, ()}, where to=—1 =" —4, &°= —1 u,(s)=1, s =[—71, ). How-
ever, Wo= 4 and, therefore, set W cannot be stable.

3. Let us show that the fundamental assertion in differential game theory, namely, the
theorem on the alternative /1/, is valid for the differential encounter-—evasion game made up
of Problems 1 and 2.

In the position space let there be given a sequence of sets {W®, j .- 1, 2, ...} with
the properties:

1) WO C WD, 2) WO = [WO], 3y set WO is (v, u)-stable relative to M, 4) Wy
M, e; =1/]. Let t, 23 and number A, >0 also be given. On the set of positions Py =
{ty, T4, Uy (5)} we introduce the function x (Pe) =% (py, {WB}, t4, z4, Aot

% (py) = inf; {177 |1/ >r% (p,, WOV +84 —t)exp < (OO =11}

where function r(p,, W) is defined by (2.4) and C = C (t, 7q,'Ay) is the constant in estimate
(2.7). 1If the set

(/7 117] > (pp WA +8 —t,) exp (€ (B — 1]}

is empty, we assume ¥ (p,) = + o. We say that a strategy U" is extremal to the sequence of
sets {W"} with properties 1)—3) if /4,5/: U® associates with position Psx and number {* &
(4, 8] a function u™ (t) & P (It,, t*)) by the rule:

1°, Let x(p,) =+ oo. Then () is any function from P ([t,, *)).

2°, Let % {p) << + oo. We £ind the number Jjo == jo {P«) from the conditions: if X (Pe) =0,
then 1/j,<<t* —1,; if O<n(p)< - oo, then 1/j,= x{p). Bs u*® (-} we take the function
we P ({t*, ) designated as the strategy [J° extremal to the (Y, u)- stable set Wi,

The following statements are valid.
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Lemma 3.l. Let a sequence of sets {W®} with properties 1)—3), a position Po = {ts, Zo,
up )} = N;W9 and Ay <Y, be specified, Then for any B, 0<<Pp<<h, we can find §,>0
such that for every motion % [-la,u™l-14} = {z [t, po, U™l,, u®[t]y} with & (A) <8, the condition
wltd =% (p) =% ({ve, zluly, u”™ ss}) <P is satisfied for all T;<C Ty, where either 7, is the
instant T; when the function v [tl = P (Ix;,7:4,) , chosen as the function u’lt], is first fixed
from condition (2.2) or «g; =9 if such an instant does not exist.

Lemma 3.2, In the hypotheses of Lemma 3.1 let the sequence of sets {W@} possess the
property 4) as well. Then strategy U® solves the problem of encounter with M for the pos-
ition pg.

From Theorem 2.3 and Lemma 3.2 follows

Theorem 3.1 (the alternative)., For any position p, and any set M, either the
problem of encounter with M or the problem of evading M is solvable,

Indeed, suppose that the problem of evading M is unsolvable from position Py« Then
by Theorem 2.3 the problem of encounter with M#3 1is solvable for any €/3 >0. This signif-
ies that we can find a strategy U such that for the number /3 we can find a number 8y =
8o (¢/3, U) >0 such that for every motion {xitly, ultlh} = {& [t, po, Uls, ultla} with §(A)

8, there exists m&lt, 9] such that

3

-’hﬂAéfﬂlﬁﬂnpu

Along such motions we compose the set W (e, U) of positions {t, z, u(s)}, t& [t nl, 2z - 2 [tla,
u(s) = u,[sl,. The set W(e, U) is (y, u)-stable relative to M3 and W(e, U)g CC Mg *. But
then the set W (¢) - (JW (¢, U), where the union is taken over all strategies U solving the
problem of encounter with M¢3 for pg, is (y, u)-stable relative to M3 and Wi{e)s & My .
We take the sequence ¢; - 1/j,j - 1,2,...; then the corresponding sequence of sets (W -
(W(ep)l, j- 1,2, ...} possesses properties 1)—4) and p, [); W, Consequently, by Lemma
3.2, the problem of encounter with M is solvable. We note that, in general, the set [); W
is not (y, u)-stable (see the example).
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